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CONNECTIONS WITH OTHER TOPICS AND MODELS 131

To obtain the existence of a principal eigenvalue in Theorem 2.4 we work in the Hilbert
space wh2() (or WS ’Z(Q) in the case of Dirichlet boundary conditions.) The essential
abstract result we shall use is the following. (See de Figueiredo (1982).)

Lemma 2.A.1 Let H be a Hilbert space. Denote the inner product on H by (-, -) and the
corresponding norm by || ||. Let T be a compact symmetric operator on H. If

w1 = sup{{Tu,u) : ||ul| =1} >0 (2.A.1)

then 1) is an eigenvalue of T, i.c. there exists ¢ € H, ¢1 # 0 so that Toy = p1¢1.

Proof: If T is compact it must be bounded, so py < ||T]| < oo. Choose a sequence {u,}
with ||un|| = 1 and lim (Tu,, u,) = @1. A bounded sequence in a Hilbert space must
n—00

have a weakly convergent subsequence, and a compact operator on a Hilbert space maps
weakly convergent sequences into strongly convergent sequences, so We may pass to a
subsequence and obtain u, — ¢1 weakly and Tup, — T¢1 strongly for some ¢ € H.
Then @ = nlergo(Tu,,, un) = (T, ¢1). Since w1 # 0 we must have ¢ # 0 so we may

assume that |[¢(|| = 1.) If w € H, w # O then

(T = pw, w) = (Tw, w) — pi]jwl?

= w2 [T (w/llwl)), w/|lwl])) — p1]
< 0. '

(The inequality clearly holds for w = 0 as well.) For any fixed v € H, let w = ¢1 —tv.
We have for all ¢t € IR i o4t

0 < ((u1 — T)(g1 — tv), (1 — t0)) = {(u1 — D)1, 1) — 2{(uey — Ty, v)
+£2{(ur = Thv, v),
but (T — 1)1, ¢1) = 0 so we have 2¢ (w1 — T)1, v) < *(((ur — T)v, v)). The last
inequality cannot be valid for both positive and negative values of ¢t near t+ = O unless
(T — u)é1,v) = 0. Since v € H was arbitrary, we must have (T — u)¢1,v) =0 for
all ve H,so (T — )¢y =0, ie. T = pi1¢1.

We want to work in the Hilbert space W12(£2), but we want to replace the standard
inner product

(U, v)1,2 = / (Vu - Vv + uv)dx
Q
with the inner product
(u,v) = f d(x)Vu - Vvdx + BuvdS. (2.A.2)
Q a0
The following is adapted from Mikhailov (1978, Ch. 111, §5).

Lemma 2.A.2. Suppose that Q is a bounded domain with 32 of class Cl,d(x) is a
bounded measurable function with d(x) > dp almost everywhere on €, and B(x) is
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132 LINEAR GROWTH MODELS FOR A SINGLE SPECIES

a bounded measurable function on a9 with B(x) = 0 almost everywhere and B(x) >0
almost everywhere on a subset of 3 that is open relative to 3€2. Then the inner products
{-,1,2 and (-, -) generate equivalent norms.

Proof: Since d(x) is bounded it is clear that for some constant C,
fd(x)qu|2dx < cf (Vul? + u?)dx.
Q Q

The regularity of 8 implies that any function u € WY2() has a trace rr(u) on 38
which belongs to L2(82) with [ltrDll 2y < Cllull2 for some constant C, and the
trace operator tr : w12(Q) — L%(3K) is compact; see Adams (1975, Theorem 5.22) and
Mikhailov (1978, Ch. III). It follows from these relations and the boundedness of B(x) that
(u,u) < Clu,u)1,2. :

Suppose that there does not exist any constant Ci with (u,u)12 < C 1{u, u). We may
then choose a sequence {uy} with (i, 4n) =1 and (uy, Un)1,2 = 1 letting v, = (1/4/M)tin
we have (v,, vy)1,2 = 1 but (v, vy) = 1/n. Since {v,} is bounded in wh2(Q), the compact
embedding of wh2(Q) — L2(Q) implies that there is a subsequence which converges in
L2(Q). Passing to the subsequence we have

Hlon — vm”%‘g = |lvn — Um”i2(9) +IV(vy — v’")lliz(ﬂ)
< llon = vmllgaggy + | 1V = um)|*dx
< 10 = gy + @) [ ADITP + 1V

< lon — vml 2 F @/d0) (s Vi) + (V> Um))
< v = vnll7 2y + @70/ + (A/m)),

so that ihe subsequence is Cauchy and hence convergent in w12(Q). It follows that ¢, — v
in WI2(Q) with (v, v)1,2 = 1. We also have

0< /d(x)IanFdx 2 iy L1,
Q
0< | Bx)ZS < (vn,va)=1/n,
082
and tr(v,) — fr(v) on 95, thus
/d(x)Wvlzdx =0
Q
and

Bx)v?dS = 0.
. 082

Since d(x) > dp almost everywhere, we must have Vv = 0 almost everywhere, so v
must be a constant. Since f(x) > 0 on an open subset of 89S, the constant must be zero.
However, v = 0 contradicts (v, v)12 = 1. Thus, our assumption that (i, u)12 is not

ey SrreeTpe e g O TERECPRREE S MEUT e
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CONNECTIONS WITH OTHER TOPICS AND MODELS 133

bounded by C{u, ) for any C, leads to a contradiction, so there must be a Cy such that
(w,uy1,2 < Crlu, u).

Proof of Theorem 2.4: For any u € wh2(Q) we can define a functional f(u) : v +—>
m(x)uvdx. Since m(x) € L(R2) the functional f(u) is bounded on W12(£2), because

th% Schwarlz inequality implies || fQ)vll < |1m||ocllull2]lv]l2 (where || - [loo and || - |I2
denote the norms of L® and L2, respectively), and the norm on w12(Q) dominates the
norm on L2(§2). Thus, by the Riesz representation theorem, there is an element Tu such
that (T, v) = f(uv. Since f(u)v = f(v)u the operator T : Wh(Q) - WH(Q) is
symmetric, and since f () is bounded as a functional with norm [1f @)l < llmllocollull2 =
cllm|looliull (where || || is the norm defined by the inner product in (2.A.2)) the operator
T is also bounded. Suppose that {,) is a bounded sequence in wh2(8). Since WH2(Q)
is a Hilbert space, {u,} has a weakly convergent subsequence. Passing to the subsequence
and reindexing, we have u, — u (i.e. (un} converges weakly to u) for some u € wh2(Q).
The space W 1+($2) embeds compactly in L2(Q) (see Adams (1975, Theorem 6.2); see also
Gilbarg and Trudinger (1977)) so we have uy — u in L2(2). However,

T 4p — Tul|2 = (Tup—Tu, Tuy — Tu)
= fm(u,, —u)(Tu, — Tu)dx
Q
< |Imlloolltn — ull2l|Tup — Tull2

< climlloollun — ull2|| Tun — Tull.

Thus, ||Tun — Tull < climlloollun — ull2 so Tuy — Tu in W12(Q). This establishes that
T is compact. Since m(x) > 0 on an open subset of €2, we can take u to be a function
which is nonzero on a set of positive measure inside that subset and zero elsewhere, so that

(Tu,u) = / muldx > 0. It then follows from Lemma 2.A.1 that there exist a principal

Q
eigenvalue p; > 0 and corresponding eigenfunction ¢1 for T such that Ty = ui¢1. Thus,
for any v € WL2(Q), (T ¢y, v) = pi{p1,v) or alternatively

(1/,u1)f mevdx = / d(x)V¢i - Vvdx +f Bx)prvdsS. (2.A.3)
Q Q aQ
Since relation (2.A.3) holds for any v € WwL2(Q), ¢ is a weak solution to

V-d(x)Vey = (1/p)m(x)¢r in £
3 )
d(x)—;i—‘ +B)G =0 on 9.
n _

By siandard elliptic regularity theory, ¢1 will belong to w2P(Q) for any p. (If m(x) €
C*(2) then ¢ e C**(R).) (See Gilbarg and Trudinger (1977) or Section 1.6.) The
positivity of the eigenfunction ¢ follows as in the derivation of Theorem 2.1 in Courant
and Hilbert (1953).

Remarks: The space wL2(Q) embeds compactly in LP" for any p* < oo if the dimension
of the underlying domain € is 1 or 2 and for p* <2N/(N —=2)if N = 3. Thus, for such

=3

- —
LY
e _"*‘d.“ -u_i"ﬁ:m‘ '_ =
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p we have by repeated applications of Holder’s inequality that
(a1 = | [ mu dxi = Il @il il
) Q

1 1 1 .

if —4—+— = 1. Taking p = q = p* > 2 we have (Tu,v) < Clim||Lr @ lullllv]] with r =
p q r

p*/(p*—2). The point is that the quadratic form (Tu, v} is bounded on wh2(Q) x wi2(Q)

not only in terms of |{m|co but in terms of ||m||Lr () for r > p*/(p* — 2). In the case
of N =1,2 any r > 1 is admissible. If N = 3 we must have r > N /2 because of the
restriction on p*. Thus, we could replace the condition m € L°°(Q) with m € L"(2), and
also we can obtain the continuity of (Tu, v) and hence {1 with respect to m relative to the
norm in L’. This is done in detail in deFigueiredo (1982).

The formula (2.A.1) as applied in the proof of Theorem 2.4 gives

1 :
H=——= sup[fmuzdx : /d|Vu|2dx +/ Bu?dS = 1]. (2.A.4)
AT (m) Q Q a9

If we Wh2(Q) with w # 0, use the norm defined by (2.A.2) and let » = w/||w||. We
have

1= ||1I)||2=fd|V1D|2dx+/ B(x)WdS.
Q /19

/ mw?dx
~2 1 Q

/mw dx:——zfnlwzde .
Q [lwil* Ja fd|Vw|2dx+/ Bw2dS
Q Q2

Also,

Thus, taking

mwidx ,
sup L cwe WHQ), w#0 (2.A.5)

/lew]zdx—i—f Bw2dS
Q 193

gives the same value 1 = 1/}\?'(m) as in (2.A.4).

The case of Neumann boundary conditions, as in Theorem 2.5, requires special treatment
1/2

because (/leulzdx is not equivalent to the standard norm on W12(Q) since it

is equal to zero for u constant but nonzero. To prove Theorem 2.5 we shall need an
auxiliary result which is roughly equivalent to a lemma introduced by Fleming (1975), and
is discussed in the context of deriving Theorem 2.5 by Brown and Lin (1980).

Lemma 2.A.3. Suppose that /m(x)dx < 0. Let {¢y} € w12(Q) be a sequence with

Q
/¢3dx = and/

mzp,%a'x ~ 0. There is a constant ¢g > 0 such that /d(x)lV¢,,|2dx >
Q Q

Q.
co for all n.
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p we have by repeated applications of Holder’s inequality that

HTu, v)| = |/ muv dx| < |lm|ler @ lluller@llvliLee
Q

if%-{—é—l—% = 1. Taking p = q = p* > 2 we have (Tu,v) < Cllm||r @ llulllv] with r =
p*/(p* —2). The point is that the quadratic form (Tu, v) is bounded on wh2( Q) x Wh(Q)
not only in terms of ||m||e but in terms of |{m|{|L(q) for r > p*/(p* —2). In the case
of N = 1,2 any r > 1 is admissible. If N = 3 we must have r > N /2 because of the
restriction on p*. Thus, we could replace the condition m € L®(Q) with m € L™ (), and
also we can obtain the continuity of (Tu, v} and hence p; with respect to m relative to the
norm in L’. This is done in detail in deFigueiredo (1982).
The formula (2.A.1) as applied in the proof of Theorem 2.4 gives

1
ji1 = ——— = sup [fmude : fleulzdx +f pu?ds = 1}. (2.A.4)
AL (m) Q Q a0

If w e WH2(Q) with w # 0, use the norm defined by (2.A.2) and let & = w/{[wl|. We
have

1=w|° = fdlvw|2dx+/ Bx)w2ds.
Q 191

Also,

/ muw?dx
2 Q
/Q

mw-dx = .
/d|Vw|2dx+/ pwidS
Q BT

/ mw?dx
Q

fd|Vw|2dx+f pwldS
JQ A

gives the same value p| = ]/)»T(m) as in (2.A.4).

Thus, taking

cwe WHhEQ), w #0 (2.A.5)

sup

The case of Neumann boundary conditions, as in Theorem 2.5, requires special treatment
1/2

because </d|Vu|2dx is not equivalent to the standard norm on Ww12(Q) since it

is equal to zero for u constant but nonzero. To prove Theorem 2.5 we shall need an
auxiliary result which is roughly equivalent to a lemma introduced by Fleming (1975), and
is discussed in the context of deriving Theorem 2.5 by Brown and Lin (1980).

Lemma 2.A.3. Suppose that /m(x)dx < 0. Let {¢,} € WL2(€2) be a sequence with
Q

/d)?;dx = 1] and /mqb,z,a’x > 0. There is a constant ¢g > 0 such that /a’(x)]V(p,,\zdx >
Q Q Q
co for all n.

N

B
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Proof: Suppose not. Then by passing to a subsequence we may choose ¢, so that

d(x)|Veu|*dx < 1/n. Since f ,2,dx = |, the subsequence is bounded in wh2(Q).
Q

Since W!2() embeds compactly in L2(2), there is a subsequence which converges

in L2(2). Passing to that subsequence we have ¢, — ¢ in Lz(Q) so that f¢2dx =
Q

lim f $2dx = 1. Also,
Q .

H—0Q

[y — ¢rn||%'2 == / Iy — ¢m|2dx + j;z|v¢lt - V(bmlzdx
19}

< f |n — P |2dx + (2/do) / d\Ve |2 + d| V| Hdx
«Q Q

23 2 /1 1
= lpp — Pml~dx + d— -+—),
Q 0 \ 1 m

so the sequence is Cauchy and hence convergent in W12(Q). We have
/d|V¢|2c1x = lim /dW(pnlzdx =0.
O n—o0 Q

Thus, ¢ must be constant and since f $>dx =1 we must have ¢ = l/'|S2|1/2 # 0 so
Q

fm¢)2dx =] 1/|Q|/ mdx < 0.
Q Q

However, since m(x) is a bounded measurable function, the mapping ¢, > / mqb,zldx is
Q

continuous as a mapping from L2(2) into IR, so m¢?dx = lim meZdx > 0. This
p n—00 &

Q
yields a contradiction. Thus, there must exist a constant ¢g > 0 as asserted by the lemma.

Proof of Theorem 2.5: Our approach follows that of Brown and Lin (1980). Observe that
)\T is a positive principal eigenvalue for

V.d(x)V¢ + rm(x)¢ =0on £

0 (2.A.6)
‘j; =0 on 0
on

if and only if oy = 0 is a principal eigenvalue for

V d@)VYy +Afm@0Oy =0y in Q,

G} 2.A.7)
1{— =0 on 9%2.
on

If /m(.x)dx > 0 then by substituting ¥ = 1 into the formula (2.11a) we see that
Q

o1 > | mdx/|] > 0. (Recall that (x) = 0 in the case of Neumann conditions.) Suppose
Q

S VY T WA ST T ST R P
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m@x)dx =0. If o1 = 0in (2.A.7) let Y1 > 0 be the associated eigenfunction, multiply
Q
(2.A.7) by 1/¢ and integrate by the divergence theorem to obtain

1
—|v{—)-dvy1 =0 2.A.8
ALC R s

(Here we have used the assumption that /m(x)dx = 0.) Since V(1/yn) = —le/wlz,
Q
we have
V(A/¥) - Vi = — Vg P/gd = =V v
so that (2.A.8) implies

f d|V(ny)|?dx =0
Q

so VIny = 0 and ¥ is constant. We then have from (2.A.7) that m(x) = 0 on £, but
we are assuming that m(x) > O on an open subset of €2, so that is impossible. Thus, we

must have / mdx < 0 if (2.A.6) is to have a positive principal eigenvalue.
Q

Suppose that / mdx < 0. Let
Q

f merdx

peW'2(Q) fd|V¢|2dx
V|50 aQ

Since m(x) is positive on an open set we have uj > 0, and we may choose a sequence

{¢n} such that
[
S 7

0 <
[ d|Vy|2dx
2

— up as n— oo.

We may normalize the sequence by requiring / ¢,2,dx = 1. Since / mdx < 0, Lemma
Q Q

2.A.3 implies that /leq),,lzdx > ¢o > 0 for some co > 0, so that 1 < |Im|leo/co < 0.
2

By passing to a subsequence if necessary we may assume that

f meo2dx
Q

f 41V, Pdx
Q

> p1/(1+1/n),

so that

—u1/d|V¢,,[2dx+/m¢,2,dx > (—1/;1)/ me2dx > (—1/n)||m||co-
Q Q Q
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It follows that by taking )Cf = 1/pu1 we get

o= sﬁp {(1/;1,1) [——mf d|V¢|2dx +'f m(bzdx] : f ¢2 = 1} >0.
Q Q Q

Also, ,u,|fd'|v¢ll > f:rupzdx for any ¢, so —-ulf
Q Q

Q
¢, so that o1 < 0. It follows that for k'l*' — 1/p1, the principal eigenvalue o1 in 2.A7) is

zero, so that JLT > 0 is indeed a principal eigenvalue for (2.A.6).

d|V¢|2dx + f mp?dx < 0, for any
Q

Proof of Theorem 2.7: We consider first the case where B(x) > 0 on an open subset of
3 or where Dirichlet boundary conditions are imposed on all or part of 882, Let {mn(x)}
be a sequence of bounded measurable functions with ||mnllee < M, and such that (2.32)
holds for ¥ € L'() provided ¥ = 0 almost everywhere. Suppose that contrary to the
assertion of Theorem 2.7 we have l’l" (my) #> oo as n — 00. By passing to a subsequence
we may assume that kf(m,,) < Ag for some Ap < ©0. Let ¢, be the eigenfunction

corresponding to A1+(m,,), normalized by f d|V¢n|2dx + / ﬂ(b,z,dS =1 (or, in the case
Q aQ

of Dirichlet boundary conditions, f d1V¢,,|2dx = 1.) By Lemma 2.A.2, or in the case

of Dirichlet boundary conditions, bygl’oincaré‘s Inequality, the sequence (¢} is uniformly
bounded in W'3(€2) (or WS'Z(Q) in the Dirichlet case) so that by the compact embedding
of W2(Q) into L2(R2) there is a subsequence of {¢p,} which converges in L2(R2). Passing
to the subsequence we may assume ¢y — ¢ in L2(2). By multiplying (2.13) by ¢ and
by using the definition of a W12 solution to (2.13) (which means, in effect, multiplying
(2.13) by ¢n and using Green's formula) we have

1= f d|Ven|2dx + f Bd2dS = AT (mn) / M 2dx (2.A.9)
Q Q2 Q

(omit the integral involving B in the Dirichlet case). Recall that we supposed )Cl" (myp) < Ao
for some Ag. By (2.A.9) we have

1= A (mn) [ f mn (¢ — ¢P)dx + f mn¢2dx] . (2.A.10)
Q Q

Since ¢, — ¢ in L2(£2), the first integral on the right in (2.A.10) goes (o zero as n — 00.
By hypothesis (2.32), we may assume the second integral also goes to zero as n — 00,
Letting n — 00 in (2.A.10) thus yields the contradiction 1 = 0, so the sequence {l;“(m,,}',
cannot have a bounded subsequence and we must therefore have n]—HIc‘;o .kf{m,,) = 00.

In the case of Neumann boundary conditions, we must proceed slightly differently. Again,
suppose that }»f (mp) /> 00 asn —> 09, 80 that by passing to a subsequence We may assume

}»f'(m,,) < Ag. Normalize the sequence of eigenfunctions so that f ﬁ‘dx = 1. We must
Q
then have f d lV¢,,|2dx > ¢g > 0. If not we may proceed as in the proof of Lemma 2.A3

and by passing to a subsequence obtain a sequence {¢n} with / d\V¢n|2dx < 1/n. Asin

the proof of Lemma 2.A.3 that sequence must have a subsequence converging in W2(Q).
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CONNECTIONS WITH OTHER TOPICS AND MODELS 137

It follows that by taking A = 1/p1 we get

o] = sup[(l/,ul) [—m/d|\7¢|2dx +/m¢2dx] : /¢2 = 1] > 0.
. Ja Q Q

Also, ,LL[/ diVe|> > / m@*dx for any ¢, so —m/ (1|V¢|2dx + f m@*dx < 0, for any
Q Q Q Q

¢, so that o3 < 0. It follows that for AT = 1/u1, the principal eigenvalue oy in QA7) 1s
zero, so that )»T ~ 0 is indeed a principal eigenvalue for (2.A.6).

Proof of Theorem 2.7: We consider first the case where B(x) > 0 on an open subset of
9 or where Dirichlet boundary conditions are imposed on all or part of 9€2. Let {my ()}
be a sequence of bounded measurable functions with ||my]lcc < M1 and such that (2.32)
holds for v € L'(2) provided ¥ > O almost everywhere. Suppose that contrary 0 the
assertion of Theorem 2.7 we have }\T(m,,) /> 00 as n — 00. By passing to a subsequence
we may assume that );1* (m,) < Ap for some Ag < 0. Let ¢, be the eigenfunction

corresponding o )\T(m,,,), normalized by /leqb,,lzd'x + f ﬂqﬁ%dS =1 (or, in the case
: Q Flo!

of Dirichlet boundary conditions, /d]V(/),llzdx = 1.) By Lemma 2.A.2, or in the case
Q

of Dirichlet boundary conditions, by Poincaré’s Inequality, the sequerce {@,} is uniformly

bounded in W12() (or W(}’Z(Q) in the Dirichlet case) so that by the compact embedding

of W2() into L2(S2) there is a subsequence of {@,} which converges in L2(S2). Passing

to the subsequence we may assume @, — ¢ in L2(). By multiplying (2.13) by ¢, and

by using the definition of a w b2 solution to (2.13) (which means, i effect, multiplying
(2.13) by ¢, and using Green’s formula) we have

1= /d|v¢,,|2dx +/ po2ds =xl+(m,,)fm,,¢§dx (2.A.9)
Q AR Q

(omit the integral involving g in the Dirichlet case). Recall that we supposed )\T(m,,) < Ag
for scme Ag. By (2.A.9) we have

1= AT (mp) U ma (92 — pHdx + / mn¢2dx] . (2.A.10)
Q 9]

Since ¢, — ¢ in L2(), the first integral on the right in (2.A.10) goes to zero as n. —> 00.
By hypothesis (2.32), we may assume the second integral also goes to zero as n —> o0.
Letting n — oo in (2.A.10) thus yields the contradiction 1 = 0, so the sequence {A1+ (mu)}
cannot have a bounded subsequence and we must therefore have nlglgo )\T(m,,) = 0Q.

In the case of Neumann boundary conditions, we must proceed slightly differently. Again,
suppose that )\]L (my,) # 00 as n — 00, so that by passing to a subsequence we may assume

kf’(m,,) < Ag. Normalize the sequence of eigenfunctions so that ¢,2,dx = 1. We must
Q

then have / d|V¢,,|2dx > ¢g > 0. If not we may proceed as in the proof of Lemma 2.A.3
Q

and by passing to a subsequence obtain a sequence {¢y} with /qub,,Izdx < 1/n. As in

the proof of Lemma 2.A.3 that sequence must have a subsequence converging in wl2(Q).
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If the subsequence converges to ¢, we must have /d|V¢12dx = 0 but /¢2dx =1 so
Q Q
¢ = 1/|Q|1/2. We then have

0 < 13T (my) f d\Vn|2dx = /Q -
Q

= [ f mp (@2 — ¢Hdx + f mnqﬁz] :
Q Q

By hypothesis the second integral on the right is bounded by —Mp/|2] < O for all n. The
first integral on the right goes to zero as n — oo. Thus, by letting n — oo we obtain

0 < —My/|R|, a contradiction. Thus, we must have fledb,ll dx > cg > 0 for some cp.

We can renormalize the sequence {¢,} so that / d|Ve,|*dx = 1 and ¢,%dx < 1/co
Q Q

' i 1/2
by dividing each element ¢, by < / d |V¢,,|2dx> , so that the sequence is uniformly
Q

bounded in W12(2). From this point on we may proceed as in the case of B > 0 on part
of 9§ or the Dirichlet case.

Conversely, let us assume that A (m,) — oo as n — oo. If there exists ¥ € LY(RQ)

with ¥ > 0 and llmsup/ mp¥dx = € > 0 then we have / muyrdx > €/2 for some
Q

n—r00 Q
subsequence of {m,}. We can approximate VU as closely as we wish in L?*(Q) with a

smooth function ¢, so that f m,,qb%dx > ¢/4. We have
i Q

1 fm,,qﬁzdx
= sup &
Ay (m) ¢ewm<g> f d|Ve|2dx + f Be*dS
2
) j; ma2dx Q.A.11)
- /d|V¢0|2dx+f BegdS
Q a0
> €/4
- /d|V¢o|2dx+/ BodS
a2

Inequality (2.A.11) implies that 1 /)C"(m,,) is bounded below by a positive quantity
independent of n, so we cannot have A (m,) — oo. Thus, if k (my) — 00 as n — 0O We

must have lim supf mpyrdx < 0 for any ¢ € L2(Q) with ¢ > 0 almost everywhere. This
Q

n—od
part of the proof is essentially the same in all cases. In the Neumann case, if / myydx >0
: Q

then ¢ and hence ¢p must be nonconstant since / mpdx < —My, so we will have
Q

/d|V¢o|2dx > 0.
Q
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